Abstract: Routing in dynamic and stochastic network is to provide adaptive 'best' route guidance where the link/route travel times are modelled as a time-varying stochastic process. Typical approaches for routing when travel times are both dynamic and stochastic assume that link travel times are independent and travellers are seeking for expected shortest paths. It is observed in many applications that providing the single least-expected travel time path is not adequate and appropriate to help diverse travellers make travel decision. Given the stochastic link attributes, the accumulated uncertainty of those attributes over any given route can easily make many routes statistically indistinguishable from the expected shortest path. In this paper, we investigate the dependences between link and path attributes, derive the exact path travel time distribution from link travel time distributions with consideration of their interrelationship, and employ an efficient simulation method to determine a set of adaptive 'best' paths. Given certain preference function of travel time, the individual turning decision at each branching point is made accordingly.
some potential paths, which does not guarantee the optimality, and the candidate routes might be too similar to make sense in practice.
Although the mean and variance reveal the important information of path travel time, finding the single route -the expected shortest path is not adequate and appropriate for the purpose of routing for diverse travellers who are not risk neutral in their travel behaviour. And if travellers having same origin, destination and departure time follow the same route guidance information, certain links will certainly get congested. In our study, not only the mean and variance but also the exact travel time distribution contributes to the decision making of route choice.
Informally, the problem addressed in this paper is stated in the following. There are diverse travellers who wish to travel between their respective O-D along the routes of a dynamic and stochastic transportation network. Associated with each route is a set of arcs whose travel times are non-negative random variables as a function of time of day. Each traveler has certain preference function of travel time to evaluate each route. The objective of this paper is to investigate the problem of routing in a transportation network where the dynamic and stochastic nature of link/path travel times and their relationship are modelled appropriately, and to adopt an efficient method which can provide optimal, or at least asymptotically optimal, routing solutions for diverse travellers without increasing the computational effort considerably.
In the next section we introduce our modelling framework and mathematically formulate our routing model. Section 3 explores the problem where the arc travel times are correlated and presents the derivation of path travel time distributions. Preference functions that are linear and exponential in travel time are fully explored. Section 4 provides a numerical example, and the results are compared with those of typical dynamic and stochastic routing. A summary and some concluding remarks are given in Section 5.
Problem statement and formulation
In this paper, we assume that time-dependent link travel time distributions are available from advanced ITS technologies. Due to the variation in travellers' preferences of travel times, travellers would like to know their own preferred routes. The routing objective is to provide travellers their preferred routes.
For comparison purposes and to motivate our model, consider the following three problem scenarios where we have a single O-D pair and two non-overlapping routes p 1 and p 2 with travel times Xp 1 and Xp 2 , respectively.
• If Xp 1 and Xp 2 are random variables with E [Xp 1 ] < E [Xp 2 ], then all travellers will choose route p 1 . This is the problem sscenario and the behavioural basis of the typical routing model.
• 
where E (PF(i, p) ) is the expected preference value of path p for traveller i, or,
where E (DU(i, p) ) is the expected disutility value of path p for traveller i.
• In our modelling framework, travellers have preference function. However, they accept all paths within some error bound of the 'best' path. At each branching point, they make their own turning choice. Now consider a transportation network represented by a directed graph G(V, A) which is dynamic and stochastic in the sense that the travel time X i for link i in A is time varying and random, depending on the link arrival time T i , which is also a random variable. Let its marginal probability density functions (PDF) be denoted by fx i . The joint PDF of the link travel times is assumed given. Let p denote a simple path from origin node O to destination node D and P is the set of all paths p.
To calculate the travel time distribution of a given path from the link travel time distribution of each link belonging to the path, the departure time at the origin node and the relationship among links are required. Due to the dynamic and stochastic attributes of the network, both the arrival time at each node and the travel time on each link are random variables. The travel time on the given path is therefore a random variable and its distribution will depend on the link travel time distribution of each link of the path and the departure time at the origin node. The path travel time is equal to the summation of the travel time of all the links along the path. This path travel time can be obtained by calculating the arrival time at each node along the path using a recursive formula until the destination node is reached. As the route travel time is equivalent to the arrival time at the destination node, the arrival time will be used in the following discussion.
Let the random variable T i denote the arrival time at link i. Due to the network structure we adopt (refer to He and Kornhauser (2001) ), there is no waiting time at the node and T i is equal to the departure time from link (i-1). The departure time at the origin node O, same as the arrival time at link 1, T i , is assumed to be known a priori.
The path travel time is obtained by calculating the arrival time at each node along the path (from link 1 to link m) using a recursive formula until the destination node D is reached. It follows that:
where T l is known, T m+1 is Xp, travel time of path p or arrival time of node D, X iis travel time of link i on path p given arrival time of link i and T i is arrival time on link i. The cumulative distribution function (CDF) of path travel time can be derived as follows:
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Given the joint PDF of the link travel times, the above CDF can be obtained theoretically.
Modelling with correlated link travel times

Formulation
In the following, we determine the CDF for path travel time in a straightforward and possibly laborious way. For the continuous case, starting from the beginning of path p (from link 1 to m), the arrival time distribution is computed as:
where the joint PDF ( ) ( ) ( )
is known a priori and 1 1 ( | ) f x t is assumed given.
Following the procedure to the end of path p, we obtain the following:
where the joint PDF ( , ) (
is computed in the previous step and ( | ) f x t m m is assumed given. Taking derivative of CDF, the PDF of path travel time can be obtained if necessary.
For the discrete case, the distribution of path travel time (for simple notation, let t 1 = 0) is derived as:
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Expected shortest path
Using step by step, the expectation and variance of path travel time can be derived from the beginning to the end of the path. For instance, the calculation for link 2 is as follows: where and are known, and Cov( , ) ( * ) ( ) ( ).
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If T 1 and X 1 are independent, as in a network where link travel times are deterministic or stochastic but not dynamic,
Cov( , ) 0 T X = . However, T 1 and X 1 are highly correlated in a dynamic and stochastic network. An example is given in Figure 1 (Hall (1986) ), where the attributes are given below: . This is where the standard shortest path algorithm fails.
Path preference function/disutility function
The expected shortest path is not representative for diverse drivers' preference. It is necessary to incorporate travel time distribution information and travellers' preference function in the analysis and decision making. For example, route p may have the least expected travel time, while it has a larger probability to have longer travel time over path q which has the longer expected travel time. In order to generate specific optimal routing strategy for different risk-taking travellers, we take advantage of the disutility theory and make the following assumptions. Assumption A: The preference function of an individual for a route is a non-increasing function of travel time X p . In other words, the disutility function of an individual for a route is a non-decreasing function of travel time X p . Assumption B: Individual preferences are mutually independent.
We consider three classes of travellers in the study: class 1 -risk averse, class 2 -risk prone, and class 3 -risk neutral. A risk averse traveler would try to choose a route such that he/she minimises the total travel time variance on the route. If a traveler would choose routes with high travel time variances, he/she is behaviourally risk prone. A risk neutral traveler would choose the expected shortest path.
Since the exponential function approaches a linear function under appropriate condition, we utilise different exponential functions to represent constantly risk-taking nature of classes 1, 2 and 3. The disutility function associated with a route with random travel time of ( ) t minutes is defined as Tatineni, 1996) .
In order to keep the disutility function having the specified characteristics, we define the following constraints:
The disutility curves are linear in fact. That means risk neutral travellers prefer the expected shortest route. As for the example in Although for this example, the preference of each type of travellers is the same, we have observed the changes of the relative differences in the expected disutility values. We are expecting more evident preference differences if we choose much 'sharper' disutility curves. In this study, we cannot decompose the disutility function into link level because of the essential correlation between link travel times in a dynamic and stochastic network.
Essentially best paths
The high uncertainty of travel times or travel speeds makes the decision among routes very difficult. In most cases, the decision-maker is forced to choose one probability distribution over another, instead of choosing one value over another. It is not adequate to identify a single expected shortest route p* between a given origin and a destination for diverse travellers. Consider two paths p and q from an origin to a destination.
• The travel time on path p, X p , is statistically smaller than the travel time on path q, X q . As shown in Figure 2 In this case, the expected travel time of path p is smaller than that of path q and the probability of having shorter travel time on path p is always larger than that on path q. However, in practice, we might not be able to tell whether p is better than q if the difference between them is very small. In case the difference among the travel times of a set of alternative paths is small enough, a traveler may prefer any of the alternative paths. Some criteria are required to define the preference ranking. Criterion A: If the area ratio of these two CDF curves is equal to or greater than a threshold ε 1 , path p is preferred over q; otherwise, no dominance.
where t L = possibly longest travel time in minutes.
• The travel time on path p, X p , is not always statistically smaller than or bigger than the travel time on path q, X q . There may exist multiple crossings, as shown in Figure 3 . With the increase of crossing points, the difference of these two curves is shrinking and it becomes impractical to prefer any path.
Criterion B: If the area ratio of these two CDF curves before some critical point is equal to or greater than a threshold ε 2 , path p is preferred over q; otherwise, no dominance. 
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Thus, path (A) is preferred over path (B) according to Criterion 1, but path (A) is not preferred according to Criterion 2.
If threshold ε 1 = 1.05 and ε 2 = 1.05 and t C = 205 for comparison of routes from
Thus, path (B+C) is preferred over path (A+C) according to these two criteria. In this research, we cannot eliminate the dominated subpaths as the label correcting technology does in static routing. As shown in the above example, from the evaluation of path (A) and (B) we found that path (A) is preferred over path (B) according to Criterion 1. However, It's not certain path (A+C) is always preferred over path (B+C), which depends on early penalty or late penalty. Thus, we cannot discard path (B) at the stage from O to 1, but we have to evaluate path (B+C) again at the stage from O to D. 
Simulation
As we have pointed out before, typical heuristic algorithms for calculating the expected shortest path avoid enumerating all the possible paths by examining some potential paths, which does not guarantee optimality, and the candidate routes might be too similar to make sense in practice. When there is no explicit way to find 'optimal' path in a dynamic and stochastic network, simulation method would be a good choice to guarantee a very robust and reliable solution without increasing considerably the computational effort. The example network is shown in Figure 4 , which has 16 nodes, 24 links and 20 routes. The simulation has been conducted for 20 times (one simulation took less than 1 minute), and for each time there are 10000 routes generated. where T 1 (i) and T 2 (i) are random variables with specific distributions and A(i) is a specific time.
The simulation results are shown in Table 1 . In the table, the exact path travel time density functions are clearly shown and the cumulative density functions can be easily computed. The 'best' routes according to the criterion in Section 3 are shown in Table 2 . We observed that route 0-1-5-6-10-11-15 is the expected shortest path, is preferred by risk averse and prone travellers and is not dominated according to either Criteria A or B (ε 1 = 1.05 and ε 2 = 1.05) described in Section 3.4. In contrast, route 0-1-5-9-10-11-15 is the expected longest path, is the last choice for both risk averse and prone travellers and is dominated according to both Criteria A and B. Table 1 Mean simulation results for path travel time distribution (N = 10000)
Path P(t = 7) P(t = 8) P(t = 9) P(t = 10) P(t = 11) P(t = 12)
0 Table 2 'Best' routes from simulation results (N = 10000) However, route 0-4-5-6-7-11-15 is even better than route 0-1-5-6-10-11-15 according to Criteria B, if the critical time is set at 9 time units. In addition, routes 0-4-5-9-10-11-15 and 0-4-8-9-13-14-15 are also not dominated according to Criteria B. From this example, we have observed that the expected shortest path and risk-taking preferences are the most rigorous route choice criterion, while Criterion A is the least rigorous route choice criteria and Criterion B is in the middle.
Conclusions
In this paper, routing in a dynamic and stochastic network is not only finding the expected shortest paths, which is the aim of study in this field, where the link travel times are modelled as a continuous-time stochastic process. Furthermore, we have appropriately derived the exact path travel time distributions from link travel time distributions with consideration of their correlation. It has been shown that for network with stochastic time-dependent link travel times, the 'best' routes from any given node to the final destination depend on the arrival time at that node, where the standard shortest path algorithm fails.
We propose that not only the expected travel times but also the complete path travel time distributions contribute to the route choice decision making. An efficient simulation method is proposed to obtain the exact path travel time distributions for finding optimal routing solutions for diverse travellers without considerably increasing computational effort. The performance of the simulation method was tested on an sample network with hypothetical travel times. 'Best' routes according to different criterion are shown and compared.
More general conclusions are expected from future research based on real travel time data in a realistic network.
